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Primordial cosmological perturbations

What we understand regarding primordial cosmological
perturbations:

@ Nearly scale invariant spectrum

@ Nearly Gaussian distribution

@ Origin of large scale structure

o (Probably) produced during inflation

In agreement with recent observations: WMABP, SDSS, etc
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Gauge degrees of freedom

General relativity: choice of coordinate system — gauge theory

1
5’”%13— La (po+6)))

S= f d4x\/—g
ds* =a(m) |~ (1 + 24 dn? + 2% dndx + (85~ 2y/6 5+ 26,7) dx' |
There are
© 5scalar modes: A, B~ B ;, ¥, 8~ Ejj, 6¢
@ 4 vector modes: %B; ~ BE.U), Eij~ El(’]’) (transverse)

© 2 tensor modes: &;; ~ hj; (transverse, traceless)
NOT ALL THESE MODES ARE PHYSICAL
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How to extract physical degrees of freedom only

Here is the recipe:
© Eliminate gauge degrees of freedom

@ Construct (gauge invariant) variables and quantize them

@ Calculate what you are interested in: 2, ng, fur, etc
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How to extract physical degrees of freedom only

Here is the recipe:
© Eliminate gauge degrees of freedom
o Fix a gauge: comoving gauge, flat gauge, etc
e Start with gauge invariant variables from the beginning
@ Construct (gauge invariant) variables and quantize them

e Popular choices of gauge invariant variables:
comoving curvature perturbation %, Sasaki-Mukhanov
variable Q

e Gauge invariant variable # good variable

@ Calculate what you are interested in: 2, ng, fur, etc
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How to extract physical degrees of freedom only

Here is the recipe:
© Eliminate gauge degrees of freedom
o Fix a gauge: comoving gauge, flat gauge, etc
e Start with gauge invariant variables from the beginning
@ Construct (gauge invariant) variables and quantize them

e Popular choices of gauge invariant variables:
comoving curvature perturbation 2, Sasaki-Mukhanov
variable Q

e Gauge invariant variable # good variable

@ Calculate what you are interested in: 2, ng, fur, etc

How to systematically proceed?
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Reducing the phase space of &

S= f d*x%(q,2)
Phase space variables {qy, z;}

{ qy - appears in the kinetic term

z;: do not appear in the kinetic term

In the Hamiltonian form
S= f x|, - 7 (T, q,) ~ 62

Euler-Lagrange equations of z;: constraint equations

0%
—— = %1 =0 — satisfied all the time
6Z]
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Reducing the phase space of &

S= f d*x%(q,2)
Phase space variables {qy, z;}

{ qy - appears in the kinetic term

z;: do not appear in the kinetic term

In the Hamiltonian form
s:fd‘*x[nﬂq;,—yf(n#,qu)—%,z,] =fd4x[Hiq’i—J£* (Hi,qi)]

Euler-Lagrange equations of z;: constraint equations

0%
—— = %1 =0 — satisfied all the time
6Z]
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Constraints as gauge transformation generators

In the Einstein gravity, {64, 65}pg = 0: first class constraints
6:qi=1{4qi 5”‘6#}% ; generators of gauge transformations
Practically €4 matters: gauge transformation ¢+ = (£9,¢ 'i)

Gy <— A~ 0gyo : energy constraint

6p < B~ 0gy; : momentum constraint
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Constraints as gauge transformation generators

In the Einstein gravity, {64, 65}pg = 0: first class constraints
6:qi=1{4qi 5”‘6”}% ; generators of gauge transformations
Practically €4 matters: gauge transformation ¢+ = (£9,¢ 'i)

0

"= 6y <= A~0bgy : energy constraint

{ < ¥p < B~ 0g; : momentum constraint

Consider scalar metric perturbations: among A, B, y and E,

|- @-2)-@-p)-e
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Transformation of canonical variables

Canonical variables are transformed as
Sew =—28,  6:6¢ =y, §¢E=¢

2 2
6§HWZ%VZ€O, 8,11 = —a (376 + a’ V) &°, 5,11F =0

Regarding ¢°, we can build 2 pairs of canonical variables

Wi /
R=y+—06¢ _ %o

o Q 5¢+J£U/

242 B (Y
n” =nv - == v?s Q _19¢ _(_0)

Ky ¢ =t +J£ a v
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Transformation of canonical variables

Canonical variables are transformed as
Sew=-H8",  8:5p=dyc’, 6:E=¢

2 2
511V = %szo, 5190 = — @ (3764} + @ Vy) &0, 8,11 =0

Regarding ¢°, we can build 2 pairs of canonical variables

4 /
R=y+—0¢ =5 )
o, Q=0p+— v
2 2 AN
n% =¥ - == v25¢ 1@ :n5¢+£(_0) w
K(p() S\ a
Comoving curvature perturbation Sasaki-Mukhanov variable
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Reduction of a single canonical scalar field (1/2)

Single canonical scalar field in the Einstein gravity

20 =§ -6y — 1250y ~2(7' +276%) A + 2 (24~ y) VPy
+x (5¢>’2 +8PV2Sp— a V¢¢6¢>2) + 2K (3B — Py ASP' — d Vip AS ¢
+4 (g%&p —y' - 70V (5- )|

We can build conjugate momenta: I1%, 197, 117

2
14 =:—K [—12y/ — 12764+ 6k p)5¢p — 4V2 (B— E')]
¢ =a? (6¢' - o 4)

2a°

nf=-=—
K

V2 (g%&p —y' - 74)
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Constructing gauge invariant variables

2P ="y’ + 1°%5¢' + NEE

_{Zaz

a 2 3 920,20 K 2 2
1 EAR A L —E(MN 5~ a Vpgdp )]}

52

3 IT K
M A~2nk + 2(A‘2HE)2+— + 2 GolY o
K

2 2
— AT + P)I1%% — Ry (3¢ +a* V) 6¢>] A-TI'B
K

Constraint equations: €4 =%ép=0

6¢ ¢!

R =y +H— - 70
(po Q 5‘/""%1/’
/AN
n% =nv - n?=n + il (@)
¢0 a
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Reduction of a single canonical scalar field (2/2)

After eliminating IT% / T1< in favour of ' / Q,

12
z;s):%(—c;“l;’) |2 - V)]
1 2 x 612(,[),2 /
ZEaZ{Q + g( J; ) AT QZ—(VQ)Z}
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Reduction of a single canonical scalar field (2/2)

After eliminating IT% / T1< in favour of ' / Q,

7\2
2P :% (%bf’) |2 - V)]

@—W@%

2 012\
K a(,bo
?( gz )_“ZVM’

1 2 /2
== +
41
With z = agyy/ # and u=z% = aQ= a(6¢ + Py H)

/! Z//
-+ |- |ue=0
K z

2 Z
W (Vuw?+=u
z

1
g(s):_
2 2

In addition...
W) ) Ay o2
LW =0, 20 = f dte—2 (' 1fy+ B9 Ry

Jinn-Ouk Gong
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Lagrangian of the Hofava-Lifshitz gravity

In the ADM form, schematically,

2 .. ..
L =N¥ [F (KK = AK?) + pR+ iy R Ry + s B

elik ; .
+a3ﬁRﬂVjR K+ a4C’fCl~j +0

ikl

.. € . 1 .
CY=—V; (R]l - —5’1R) ; Cotton tensor
VY 4
3
i n) in) g _
L =NV |z (- Vg ) - 3. 600" ¢ - Vig)
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Reduced Lagrangian of the HL gravity

B2 B2
L =N0Q ~ g+ —L =P — sl + —2
2 Q Q 4?(2 % AF g
1 @\ @ @\ 1
=—u*-u (—1) ——1—%(—2) — G2 29,95 | u

2 4%4,) 89?2 29, 2

F, ~V° ; dominant in the UV regime

2" =0

O _iiy _ 200
Z,” =1 hij 4

e Einstein gravity results in the IR limit
e Additional constraint 6, from {7, €} ,p: Meaning?
@ No dynamical vector perturbations
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Cubic order Lagrangian in the Einstein gravity

L =d {G(A—u/)u/'z +6.7 (3A2 +2Aw—u/2)w’ +37% R A+ )2 GA-y) +4 [y + ZA- )| v'B;
+ [21//2 —4A- )y 377 (3A2 +2A1,u—1//2)] &2 [2(A—1//)1,U’+Jf(3A2 +2Au/—u/2)]
x (33{ - gi’l.) —37 (29 + HBA+Y)| BB~ 87y BIE;+ 470y BiE)
- 72y —3.70(A- )] (g",-)z +2.76 2y —376(A-)) (g’,-j)z +4[y + 20— )| 6Y
x(Bp - 6p)+ 4Ly + A=) B (28,7 - 67,1) + v 'B] (- 8

cirm (-7 -0y

3 (BB 2B B ) 2. KB By (B~ 67)

+ 77 [a(glj)zgkk— [gii)a -86lg;6k;

+47B [28; (267 1 - 651 ) + 267 (85— 81 i+ 1) - (2647 - 6711) 654

2.7 [(g",»)z —z(éal-j)zl (#'i-6")+867 [—gkk(@(m -&)) + 26/ (B —5121-)]
+2<%i [(Zéaij’j—éajj,i) (%k,k—é?klk) - (gt']',k_gjk,i+éaki,j) (‘@(/rk) —éajlk)]

+481 | (B - 8) (B* - 8%) - (2% ) - 6%) (B34 - &}) | + 32 more terms}
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Alternative description

The remaining procedures are conceptually easy
@ Calculate the conjugate momenta of canonical variables
@ Reduce the Lagrangian in the Hamiltonian form
© Solve the constraint equations

(" IS

Hamiltonian reduction of cosmological perturbations Jinn-Ouk Gong
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Alternative description

The remaining procedures are conceptually easy
@ Calculate the conjugate momenta of canonical variables
@ Reduce the Lagrangian in the Hamiltonian form
© Solve the constraint equations
(" IS

However practically

We from the beginning start with canonical form

3 . 1 .
Ly =Ty =NVy (—R+ y L - Sy 2N (v )
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Conclusions

@ Gauge issue is persistent in cosmological perturbations
Freedom of coordinate choice
@ Hamiltonian reduction of cosmological perturbations
e Systematically reduce the phase space
e We are left with gauge invariant, dynamical variables
© Wide applications to many (exotic) models
Higher order gravity, f(R) gravity, vector field background, etc
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